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Abstract
We present the universal, in Vogel’s sense, expression for the quantum
dimension of Cartan product of an arbitrary number of adjoint and X2
representations of simple Lie algebras. The same formula mysteriously
gives quantum dimensions of some other representations of the same Lie
algebra under permutations of universal parameters. We list these rep-
resentations for exceptional algebras and stable versions for classical al-
gebras, when the rank of the classical algebra is sufficiently large w.r.t.
the powers of representations. We show that universal formulae can have
singularities on Vogel’s plane for some algebras, and that they give cor-
rect answers when restricted on appropriate lines on Vogel’s plane. We
note that the same irreducible representation can have several universal
formulae for its (quantum) dimension, and discuss the implication of this
phenomena on the Cohen - de Man method of calculation of universal
formulae.
MSC classes: 17B20, 17B37, 57M25
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1 Introduction
Present paper continues the efforts of a number of authors on revealing a ”uni-
versality islands” in the theory of simple Lie algebras and their applications
[1]-[2]. By ”universality islands” we mean the ideas and formulae, which, par-
ticularly, represent different quantities in terms of so-called Vogel’s universal
parameters α, β, γ, relevant up to scaling and permutations, correspondingly
belonging to Vogel’s plane [3]. Simple Lie algebras correspond to specific points
on that plane, given by Vogel’s table, see Appendix A. These formulae connect
objects (quantities) which belong to different simple Lie algebras, e.g. represen-
tations,(quantum) dimensions, volumes, etc.
Theories of different simple Lie algebras are very similar, differing by the
choice of the specific system of roots. Provided this choice is done, then con-
struction of a large number of objects, such as the adjoint representation, i.e.
the algebra itself, its finite-dimensional representations, calculations of dimen-
sions, etc., all is done by the same steps, with specific, for a given algebra, data
used. However, no specific exact connection appears between objects in different
simple algebras. For example, the adjoint representations of different simple Lie
algebras are obviously ”similar” objects, but e.g. their dimensions are for a first
time given by the one, universal, (and analytic, in reasonable sense) formula in
the paper of Vogel on his defined Universal Lie Algebra:
dim g = −
(2t− α)(2t− β)(2t− γ)
αβγ
, t = α+ β + γ (1)
where universal Vogel parameters α, β, γ are given in the Vogel’s table 9, see
Appendix A for details.
2
Actually some indication of universality appeared earlier from N ↔ −N
relation between sp(2n) and so(2n) algebras [4] - [5]. This relation became a
part of the universality, however, in some aspects it is wider. Connected are
representations of these two algebras with transposed Young diagrams, their
dimensions are connected under the change of the sign of rank N provided
formulae for dimensions are represented as polynomials over N . This relation
is part of the universality in the case of Young diagrams with even number of
squares, however, it is valid for Young diagrams with odd number of squares
also. There are also indications [6] on connection of spinor representations of
SO(2n) and metaplectic infinite-dimensional representation of Sp(2n).
More details and examples of universal quantities are given in Appendix A.
In the present paper we shall develop universality approach in the following
directions. The main formulae are given in Section 2, particularly a universal
expression for the quantum dimensions of Cartan (product of) powers of the
adjoint and X2 representations.The proof is presented in Appendix B. In Sec-
tion 5 we discuss some results on universal forms of eigenvalues of the Casimir
operator. The possible application of the method of Cohen et al [7] for obtain-
ing the universal expressions on the exceptional line to the full universal case is
discussed in Conclusion.
Appendix A is devoted to some introductory information on Vogel’s univer-
sality, Appendix B is devoted to the proof of the universal quantum dimension
formula.
2 Universal quantum dimension of Cartan prod-
uct of powers of ad and X2 representations
Consider the antisymmetric square of the adjoint representation. It is shown in
[1] that it can be represented in a uniform form (i.e. for all simple Lie algebras)
as
∧
2g = g⊕X2 (2)
The representation X2 is irreducible w.r.t. the semidirect product of simple
Lie algebra and the automorphism of the corresponding Dynkin diagram (see
[7]) and it’s highest weights in terms of fundamental ones are given in table 2.
We assume the numeration of nodes of the Dynkin diagram as in Mathematica
program LieART, given in its description ([8], page 11), with correction that
the numeration of nods for G2 is opposite to that given in [8].
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Table 1: Highest weights of the adjoint (λad) and X2 (λX2 ) representations in
terms of fundamental weights for simple Lie algebras
λad λX2
G2 ω2 3ω1
F4 ω1 ω2
E6 ω6 ω3
E7 ω1 ω2
E8 ω7 ω6
A1 2ω 0
Ai, i > 1 ω1 + ωi (2ω1 + ωi−1)⊕ (ω2 + 2ωi)
B2 2ω2 ω1 + 2ω2
B3 ω2 ω1 + 2ω3
Bi, i > 3 ω2 ω1 + ω3
Ci 2ω1 2ω1 + ω2
D4 ω2 ω1 + ω3 + ω4
Di, i > 4 ω2 ω1 + ω3
Table 1 needs a comment on the Ai case. In that case λX2 is not a highest
weight, but a couple of highest weights, shown in the table. This is because
representationX2 is the sum of two irreducible representations of Ai, the highest
weights of which are connected by automorphism of the Dynkin diagram. In
that case the sum e.g. λX2 + λad should be understood as couple of weights,
each is the sum of one vector from λX2 and λad.
Generally (see Proposition below for the exact statement), the quantum
dimension of irrep with highest weights kλX2 + nλad, k, n ∈ Z+ is given by the
universal formula
X(x, k, n, α, β, γ) =
L31 ·L32 ·L21s1 ·L21s2 ·L21s3 ·L10s1 ·L10s2 ·L10s3 ·L11s1 ·L11s2 ·L11s3 ·L01 ·Lc2
(3)
Multipliers L? look as follows (see definition of sinh[x: in Appendix B)
L31 = sinh
[x
4
:
−2(β + γ) + α(−4 + 3k + n)
2(2α+ β + γ)
L32 = sinh
[x
4
:
−2(β + γ) + α(−3 + 3k + 2n)
3α+ 2(β + γ)
L21s1 = sinh
[x
4
:
2k+n∏
i=1
−2(β + γ) + α(−5 + i)
−2β + α(i− 2)
L21s2 = sinh
[x
4
:
2k+n∏
i=1
β + 2γ − α(−3 + i)
β + γ − α(i − 2)
4
L21s3 = sinh
[x
4
:
2β + γ + α(3 − 2k − n)
3α+ 2β + γ
L10s1 = sinh
[x
4
:
k∏
i=1
2γ − α(i − 3)
−αi
L10s2 = sinh
[x
4
:
k∏
i=1
β + γ − α(i − 3)
β − α(i − 2)
L10s3 = sinh
[x
4
:
k∏
i=1
−2β + α(i − 3)
γ − α(i − 2)
L11s1 = sinh
[x
4
:
k+n∏
i=1
2β + γ − α(i − 4)
α(i+ 2)
L11s2 = sinh
[x
4
:
k+n∏
i=1
β + γ − α(i − 2)
β − α(i − 1)
L11s3 = sinh
[x
4
:
k+n∏
i=1
−2β + α(i − 2)
γ + α(1 − i)
L01 = sinh
[x
4
:
α(1 + n)
α
Lc2 = sinh
[x
4
:
k∏
i=1
γ + 2β − α(i + k + n− 4))
α(i + k + n− 2)− 2γ
Proposition.
The function (3) X(x, k, n, α, β, γ) on the points from Vogel’s table is equal
to the quantum dimensions of representations of simple Lie algebras given in
tables 2, 3.
The proof of Proposition is carried out case by case in Appendix B. I.e. for
each set of parameters α, β, γ from Vogel’s table the expression (3) is compared
with the Weyl formula for quantum dimension (4) for the corresponding algebra.
The latter is the Weyl formula for characters, restricted to the Weyl line xρ (see
e.g. [9], 13.170):
DλQ = χλ(xρ) =
∏
µ>0
sinh(x2 (µ, λ+ ρ))
sinh(x2 (µ, ρ))
(4)
where λ is the highest weight of the given irreducible representation, ρ is the
Weyl vector, the sum of the fundamental weights. Both sides of this formula
are invariant w.r.t. the simultaneous rescaling (in ”opposite directions”) of
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the scalar product in algebra and the parameter x. The automorphism of the
Dynkin diagram leads to the equality of quantum dimensions for representations
with highest weights connected by the automorphism.
Note also that the main formula (3) is symmetric w.r.t. the switch of β and
γ parameters, which can be established by careful inspection.
Table 2: X(x, k, n, α, β, γ) for classical algebras
k, n 0, n 1, n k, n (k > 1)
A1 nλad 0 0
Ai, i ≥ 2 nλad λX2 + nλad kλX2 + nλad
B2 nλad λX2 + nλad 0
Bi, i > 2 nλad λX2 + nλad kλX2 + nλad
Ci, i > 2 nλad λX2 + nλad 0
Di, i > 3 nλad λX2 + nλad kλX2 + nλad
Table 3: X(x, k, n, α, β, γ) for exceptional algebras
k, n k, n
L kλX2 + nλad
L is any of exceptional simple Lie algebras.
3 Permutation of the parameters
According to the general features of the universality approach, the universal
formulae make sense under permutations of Vogel parameters. In our case it
means that permuting the parameters in the main formula (13) we should ob-
tain quantum dimensions of some other irreps of the same algebra. Indeed, it
happens. The results are given in tables 4 - 7. In these tables all cases (k, n),
for which the corresponding function X is non-zero, are listed - for any other
combinations (except those known earlier, explicitly mentioned) corresponding
function X is zero. We propose these tables as conjectures, since we don’t carry
out the complete proof for all entries, only some random checks are done.
The main peculiarity of these tables is that although in some cases the
function X is singular on a given point from Vogel’s table, however, it always
has a limit when restricted on the corresponding line. In table 4 we show these
cases explicitly, by symbol E :, but omit such an information in other tables.
Note that so(8) algebra belongs to both exceptional and orthogonal lines, and
indeed both limits make sense, as shown below in the table 8. As an example
consider e.g. X(x, 1, 2, 4,−2, 4), i.e. the function with permuted parameters,
corresponding to the so(8) algebra (X(x, 1, 2, β, α, γ)). Analyzing the L? terms
for the corresponding set of the parameters, one finds, that the X function has
the following structure:
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Table 4: X(x, k, n, β, α, γ) for the exceptional algebras
k, n G2 F4 E6 E7 E8
1,0 3ω1 ω2 ω3 ω2 ω6
1,1 ω1 + ω2 ω3 + ω4
E:(ω1 + ω2)
⊕(ω4 + ω5)
ω6 + ω7 ω8
1,2 0 ω1 + ω4 ω3 0 −ω8
1,3 0 0 0 E:−2ω6 −ω6
1,4 0 0 -1 0 0
1,5 0 0 0 0 1
2,0 0 3ω4 E:3ω1 ⊕ 3ω5 0 0
2,1 0 0 −ω3 E:−ω6 − ω7 0
2,2 0 0 −ω6 −ω5 ω6
2,3 0 0 0 0 ω7
3,0 0 0 −ω1 − ω5 E:−ω2 ω8
3,1 0 0 0 E:−ω1 ω1
4,0 0 0 0 -1 0
Table 5: X(x, k, n, γ, α, β) for the exceptional algebras
k, n 1,0 1,1 1,3 2,0 2,1
G2 3ω1 −3ω1 1 3ω1 ω2
F4 ω2 −ω2 1 ω2 ω1
E6 ω3 −ω3 1 ω3 ω6
E7 ω2 −ω2 1 ω2 ω1
E8 ω6 −ω6 1 ω6 ω7
X(x, 1, 2, β, α, γ) = G(x) sinh [x/4 :
α− 2(β + γ)
α− γ
(5)
where G(x) is regular at point (α, β, γ) = (4,−2, 4) in Vogel’s plane. I.e. due
to the α−2(β+γ)
α−γ
term the X function is indeterminate at the (4,−2, 4) point.
Let’s move slightly our so(8) point on Vogel’s plane, taking β = 4 + p, α =
−2+ q, γ = 4 with p, q → 0, thus the ”indeterminate” term can be rewritten as
p− 2q
p
= 1− 2
p
q
,
i.e. the value of X at that point depends on the limit of p/q, which doesn’t
exist. However, if one approaches that point through so line (2α + β = 0),
then limit exists, since p/q = −2. When the same is done through Exc line
(γ = 2(α + β)), one have p/q = −1. In both cases answer is reasonable and
coincides with that for the highest weight representations presented in the Table
8, where also the permutations for so(8) algebra in other possible cases (not only
for (k, n) = (1, 2)) are analyzed.
Table 6: X(x, k, n, β, α, γ) for the classical algebras. Data for Ai, Ci are valid
for sufficiently large rank i (depending on k, n)
k, n 1, n k, n , k ≥ 2
Ai (ω1 + ω1+n + ωi−1−n) ⊕ (ωi + ωi−n + ωn+2) (ωk + ωk+n + ωi+1−2k−n) ⊕ (ω2k+n + ωi+1−k + ωi+1−k−n)
Bi ω1 + ω2n+3 0
Ci ω1 + ωn+1 + ωn+2 ωk + ωk+n + ω2k+n
Di ω1 + ω2n+3 0
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In table 6 for the lower (i.e. not ”sufficiently large”) values of rank i the
function X(x, k, n, β, α, γ) still gives (quantum) dimensions of irreducible rep-
resentations of corresponding algebra. However, the picture is chaotic and we
don’t try to clarify it.
The case (k, n) = (0, n) is considered in [3].
Table 7: X(x, k, n, γ, α, β) for the classical algebras
k, n > 0 1, 2
Ai -1
L 0
L is any classical algebra, except Ai
According to the table 7, for the classical algebras, X(x, k, n, γ, α, β) is non-
zero (besides previously known case (k, n) = (k, 0), [10]) for (k, n) = (1, 2), Ai,
only. In that case X(x, k, n, γ, α, β) = −1.
4 Permutation of the parameters for so(8)
It is interesting to consider the case of so(8) algebra separately. Its Dynkin dia-
gram has the largest symmetry group, S3, and belongs either to the orthogonal
and the exceptional lines. So, one expects, that our formula forX(x, k, n, α, β, γ)
should give reasonable results from both point of views, i.e. when restricted to
either of these lines. Indeed it happens. In table 8 we present the results of the
permutation and the restriction to each of the mentioned lines.
Table 8: Permutations of the parameters for so(8) algebras
Line k, n : 1,0 1,1 1,2 1,3 2,0 2,1 3,0
Exc X(x, k, n, β, α, γ) λX2 λX2 ⊕ λX2 ω1 ⊕ ω3 ⊕ ω4 -2 λX2 λad 3
Exc X(x, k, n, γ, α, β) λX2 −λX2 0 1 λX2 λad 0
SO X(x, k, n, β, α, γ) λX2 λX2 ω1 -1 0 0 0
SO X(x, k, n, γ, α, β) λX2 0 0 0 0 0 0
8
All these results are in agreement with the results of paper [10] for (k, n) =
(k, 0) case, and with the N ↔ −N duality for SO(N)/Sp(N) algebras [4, 11,
12, 5].
5 The universal eigenvalues of Casimir operator
Among interesting quantities, which can have universal form, are the eigenvalues
of Casimir operator. See, e.g. [1, 3, 7] for universal eigenvalues of second and
fourth Casimir operators on adjoint, Yk(, ) and other representations. In [13] the
generating function of higher Casimir operators on the adjoint representation is
calculated in the universal form. Here we would like to present the results of [14]
for representations, considered in previous sections, namely the universal form
for Casimir operator eigenvalues on the representation with quantum dimension
given by X(k, n, α, β, γ) is:
Ck,n = α(3k − 3k
2 + n− n2 − 3kn) + t(4k + 2n) (6)
This coincides with eigenvalues, given in [7] for representations (Cartan prod-
ucts of) X2, X
2
2 , gX2, g
2X2 (with Casimir’s eigenvalues C1,0, C2,0, C1,1, C1,2, re-
spectively), which correspond to the representations X2, H,C,G (in notations
of [7]) respectively. Further check of this formula, e.g. comparison with expres-
sions from [5] are presented in [14]. Particularly, permutations of parameters
give eigenvalues, which coincide with eigenvalues of permuted representations
from previous Section.
6 Conclusion
There is no a regular method of obtaining universal formulae. One possibility
is the method of Cohen and de Man [7] of obtaining the universal formulae for
dimensions of representations, appearing in the decomposition of a given power
of adjoint representation. They developed and applied this method for obtaining
dimensional formulae, ”universal” on the exceptional line. That is, they depend
on parameter on that line, e.g. as if they were obtained from universal formula
with substitution (e.g.) γ = 2, α = x, β = 1 − x. Then one considers all
representations, appearing in the powers of the adjoint (up to some fixed power),
their products and decompositions of that products. These decompositions
translate into relations between dimensions, or quantum dimensions of that
representations. With some additional relations, including Casimir operator’s
eigenvalues, one can hope to obtain sufficient number of relations, to find all
dimensions in the universal (on exceptional line) form, since the dimensions of
the first few (three, actually) powers of the adjoint are found already in the
universal form. We would like to note that this method doesn’t work in true
universal case, i.e. on the entire Vogel’s plane. The point is that there exist
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representations, for a given simple Lie algebra, with more than one universal
formula for their dimensions.
Consider some representation of a given simple Lie algebra and assume that
it has a universal representation for its dimension. As an example consider the
adjoint representation of sl(n) algebra. It has a universal representation for its
dimension n2 − 1:
−
(2t− α)(2t− β)(2t− γ)
αβγ
(7)
Among representations, appearing in the decomposition of the square of the
adjoint, there is representation Y2(γ) with a universal formula for its dimension:
dimY2(α) =
(2t− 3α) (β − 2t) (γ − 2t) t (β + t) (γ + t)
α2 (α− β) β (α− γ) γ
(8)
It is easy to check that in the case of sl(n) algebra the dimension of Y2(γ) is
the same, n2 − 1, and they are actually the same representations, since there is
no other representation with that dimension. Similarly, one can have other ex-
amples of a representation, for a given algebra, which has two universal origins.
Evidently, this phenomena prevents one from using Cohen - de Man method,
since for such representations it is not clear which formula exactly should be
used. Further examples of this phenomena can be considered, when one has
different symmetry groups acting on the ”same” representation with different
universal origins. Example of different symmetry groups is two S3 groups, dis-
covered in [1].
We assume all this to be the consequence of the existence of zero divisors
(discovered in [15]) in Vogel’s Λ-algebra, which is the ring of the coefficients in his
Universal Lie Algebra.The existence of such divisors leads to the impossibility
of decomposition into irreducible modules, in the universal form. Of course, this
fact doesn’t prevent the existence of specific universal formulae.
We assume that the regular method of derivation of universal formulae can
be obtained by deeper understanding of the structure of Vogel’s Λ-algebra and
generalization of Vogel’s approach based on Universal Lie Algebra. Particularly,
the rules of restriction on SO/Sp/Exc lines, in tables above, should be derived
within this (or any other) approach.
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8 Appendix A. Vogel’s parameters
Vogel’s Universal Lie Algebra among other things leads to a parameterization
of simple Lie algebras, given in the following table 9
Table 9: Vogel’s parameters for simple Lie algebras: lines
Algebra/Parameters α β γ t Line
slN -2 2 N N α+ β = 0
soN -2 4 N − 4 N − 2 2α+ β = 0
spN -2 1 N/2 + 2 N/2 + 1 α+ 2β = 0
Exc(n) −2 2n+ 4 n+ 4 3n+ 6 γ = 2(α+ β)
For the exceptional line n = −2/3, 0, 1, 2, 4, 8 for g2, so8, f4, e6, e7, e8, respectively.
The simplest origin of Vogel’s table is the universal decomposition of the
symmetric square of the adjoint representation [1]:
S2g = 1⊕ Y2(α)⊕ Y2(β)⊕ Y2(γ) (9)
Denote 2t as the value of the second Casimir operator on the adjoint rep-
resentation g. Then parameterize the values of the same operator on represen-
tations in (9) as 4t − 2α, 4t − 2β, 4t − 2γ, that will be the definition of three
Vogel’s parameters.
A number of universal formulae were derived. Dimension formulae are given
in [1, 15, 3]. Universal formulae were derived for compact groups volume [16, 17]
and for the anomaly of Vogel’s permutation symmetry [17]. Universal formu-
lae were discovered in applications, mainly in Chern-Simons theory: partition
function [18, 5], knot polynomials (Wilson loops) [19], central charge, etc.
9 Appendix B. The proof of Proposition
9.1 Notation sinh[x:
We use the following notation:
a sinh [x :
A ·B...
M ·N...
≡ a
sinh(xA) sinh(xB)...
sinh(xM) sinh(xN)...
(10)
where x, a,A,B, ...,M,N, ... are numbers (dots between are not necessary, pro-
vided no ambiguity arises). For example
2 sinh
[x
4
:
1 · 4
2
= 2
sinh(x4 ) sinh(
4x
4 )
sinh(2x4 )
(11)
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One can derive simple rules which this notation obeys. E.g.
(sinh [x : A · B) (sinh [x : M ·N) = sinh [x : A ·B ·M ·N (12)
9.2 Proof of Proposition
The proof is carried out case by case: for each set of parameters α, β, γ from
Vogel’s table (except Cn) we compare the expression (3) with the quantum
dimension obtained by Weyl formula (4) for the corresponding algebra.
9.3 The AN Case
Substituting α = −2, β = 2, γ = N + 1 in the L-terms, one gets
L31 = sinh
[x
2
:
3k + n+N − 2
N − 2
,
L32 = sinh
[x
2
:
N + 2n+ 3k − 1
N − 1
,
L21s1 = sinh
[x
2
:
(N − 2) · (N − 1) . . . (N + n+ 2k − 3)
1 · 2 . . . (2k + n)
,
L21s2 = sinh
[x
2
:
(N − 1) ·N . . . (N + 2k + n− 2)
N/2 · (N/2 + 1) . . . (N/2 + 2k + n− 1)
,
L21s3 = sinh
[x
2
:
N/2 + 2k + n− 1
N/2− 1
,
L10s1 = · sinh
[x
2
:
(N − 2) · (N − 1) ·N . . . (N + k − 3)
1 · 2 . . . k
,
L10s2 = · sinh
[x
2
:
(N/2− 1) ·N/2 · (N/2 + 1) . . . (N/2 + k − 2)
(α+ β) · 1 . . . k
,
L10s3 = · sinh
[x
2
:
−2(α+ β) · 1 · 2 . . . k
(N/2− 1) ·N/2 . . . (N/2 + k − 2)
,
L11s1 = sinh
[x
2
:
(N/2− 1) · (N/2) . . . (N/2 + k + n− 2)
2 · 3 . . . (k + n+ 1)
,
L11s2 = sinh
[x
2
:
N/2 · (N/2 + 1) . . . (N/2 + k + n− 1)
1 · 2 · 3 . . . (k + n)
,
L11s3 = 1/L11s2
12
L01 = sinh
[x
2
:
1 + n
1
Lc2 = sinh
[x
2
:
(N/2 + k + n− 1) · (N/2 + k + n)) . . . (N/2 + 2k + n− 2)
(N + k + n− 1) · (N + k + n) . . . (N + 2k + n− 2)
,
The product of all these terms gives
X(x, k, n,−2, 2, N + 1) =
= L31 ·L32 ·L21s1 ·L21s2 ·L21s3 ·L10s1 ·L10s2 ·L10s3 ·L11s1 ·L11s2 ·L11s3 ·L01 ·Lc2 =
2·sinh
[x
2
:
(N − 1)2N3(N + 1)3 . . . (N + k − 2)3(N + k − 1)2 . . . (N + k − 1 + n)2
13 · 23 . . . k3
·
(N + k + n) . . . (N + 2k + n− 2)
(k + 1)2 · (k + 2)2 . . . (k + n)2(k + n+ 1)2(k + n+ 2) . . . (2k + n)
which equals to the double of the expression of the Weyl formula, written
for λ = (2k+n)ω1+kωN−1+nωN highest weight representation of AN algebra,
as expected.
9.4 The BN Case
For this case we should substitute α = −2, β = 4, γ = 2N − 3, so
L31 = sinh
[x
2
:
2N + 3k + n− 3
2N − 3
,
L32 = sinh
[x
2
:
2N + 3k + 2n− 2
2N − 2
,
L21s1 = sinh
[x
2
:
(2N − 3) · (2N − 2) . . . (2N + n+ 2k − 4)
3 · 4 . . . (2 + 2k + n)
,
L21s2 = sinh
[x
2
:
(2N − 3) · (2N − 2) . . . (2N + 2k + n− 4)
(N − 1/2) · (N + 1/2) . . . (N + 2k + n− 3/2)
,
L21s3 = sinh
[x
2
:
N + 2k − 1/2
N − 1/2
,
L10s1 = · sinh
[x
2
:
(2N − 5) · (2N − 4) . . . (2N + k − 6)
1 · 2 . . . k
,
L10s2 = · sinh
[x
2
:
(N − 3/2) · (N − 1/2) . . . (N + k − 5/2)
1 · 2 . . . k
,
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L10s3 = · sinh
[x
2
:
2 · 3 · 4 . . . (k + 1)
(N − 5/2) · (N − 3/2) . . . (N + k − 7/2)
,
L11s1 = sinh
[x
2
:
(N − 1/2) · (N + 1/2) . . . (N + k + n− 3/2)
2 · 3 . . . (k + n+ 1)
,
L11s2 = sinh
[x
2
:
(N − 1/2) · (N + 1/2) . . . (N + k + n− 3/2)
2 · 3 · 4 . . . (k + n+ 1)
,
L11s3 = sinh
[x
2
:
3 · 4 . . . (k + n+ 2)
(N − 3/2) · (N − 1/2) . . . (N + k + n− 5/2)
,
L01 = sinh
[x
2
:
1 + n
1
Lc2 = sinh
[x
2
:
(N + k + n− 1/2) · (N + k + n+ 1/2)) . . . (N + 2k + n− 3/2)
(2N + k + n− 4) · (2N + k + n− 3) . . . (2N + 2k + n− 5)
,
So, the product of all L-terms is:
X(x, k, n,−2, 4, 2N − 3) =
L31 ·L32 ·L21s1 ·L21s2 ·L21s3 ·L10s1 ·L10s2 ·L10s3 ·L11s1 ·L11s2 ·L11s3 ·L01 ·Lc2 =
sinh
[x
2
:
(2N − 5)(2N − 4)2(2N − 3)3 . . . (2N + k − 6)3(2N + k − 5)2 . . . (2N + k + n− 5)2
13 · 23 . . . k3(k + 1)2 · (k + 2)2 . . . (k + n)2(k + n+ 1)2
·
(2N + k + n− 4) . . . (2N + 2k + n− 5)(2N + 2k + n− 4)2(k + n)(n+ 1)(k + n+ 2)(k +N − 5/2)
(k + n+ 2) . . . (2k + n+ 2)(N − 1/2)(N − 3/2)(N − 5/2)
·
(k + n+N − 3/2)(2k + n+N − 1/2)(3k + n+ 2N − 3)(3k + 2n+ 2N − 2)
(2N − 3)(2N − 4)(2N − 2)
(13)
It coincides with the Weyl formula, written for λ = kω1+nω2+ kω3 highest
weight representation of BN algebra.
9.5 The CN Case
The Vogel parameters in this case are α = −2, β = 1, γ = N +2, and we notice,
that for k ≥ 2 and for any n, the formula gives 0, due to the contribution of
L10s3 term. So, we observe the L? terms for k = 1 and any n. Thus, one has
L31 = sinh
[x
2
:
2N + 4n+ 6
2N
,
L32 = sinh
[x
2
:
2N + 3k + 2n− 2
2N − 2
,
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L21s1 = sinh
[x
2
:
(N − 1) ·N . . . (N + n)
(−α− 2β)/2 · 1 . . . (n+ 1)
,
L21s2 = sinh
[x
2
:
(N + 1/2) · (N + 3/2) . . . (N + n+ 3/2)
(N/2 + 1/2) · (N/2 + 3/2) . . . (N/2 + n+ 3/2)
,
L21s3 = sinh
[x
2
:
N/2 + n+ 1
N/2− 1
,
L10s1 = · sinh
[x
2
:
N
1
,
L10s2 = · sinh
[x
2
:
N/2− 1/2
1/2
,
L10s3 = · sinh
[x
2
:
1
N/2
,
L11s1 = sinh
[x
2
:
(N/2− 1) ·N/2 . . . (N/2 + n− 1)
2 · 3 . . . (n+ 2)
,
L11s2 = sinh
[x
2
:
(N/2 + 1/2) · (N/2 + 3/2) . . . (N/2 + n+ 1/2)
1/2 · 3/2 · 4/2 . . . (n+ 1/2)
,
L11s3 = sinh
[x
2
:
(−α− 2β)/2 · 1 . . . n
(N/2 + 1) · (N/2 + 2) . . . (N/2 + n+ 1)
,
L01 = sinh
[x
2
:
1 + n
1
Lc2 = sinh
[x
2
:
N/2 + n
N + n+ 2
,
And the product is
X(x, k, n,−2, 4, 2N − 3) =
L31 ·L32 ·L21s1 ·L21s2 ·L21s3 ·L10s1 ·L10s2 ·L10s3 ·L11s1 ·L11s2 ·L11s3 ·L01 ·Lc2 =
sinh
[x
2
:
2N(2N + 1)(2N + 2) . . . (2N + 2n+ 1)(N − 1)(2n+ 3)(2N + 2n+ 3)(2N + 4n+ 6)
12 · 2 · 3 . . . (2n+ 4)(N + 2n+ 3)
(14)
Which coincides with the Weyl formula, written for λ = (2 + 2n)ω1 + ω2
highest weight representation of CN algebra.
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9.6 The DN Case
For this case we substitute α = −2, β = 4, γ = 2N − 4, so L-terms become
L31 = sinh
[x
2
:
2N + 3k + n− 4
2N − 4
,
L32 = sinh
[x
2
:
2N + 3k + 2n− 3
2N − 3
,
L21s1 = sinh
[x
2
:
(2N − 4) · (2N − 3) . . . (2N + n+ 2k − 5)
3 · 4 . . . (2 + 2k + n)
,
L21s2 = sinh
[x
2
:
(2N − 4) · (2N − 3) . . . (2N + 2k + n− 5)
(N − 1) ·N . . . (N − 2 + 2k + n)
,
L21s3 = sinh
[x
2
:
N + 2k + n− 1
N − 1
,
L10s1 = · sinh
[x
2
:
(2N − 6) · (2N − 5) . . . (2N + k − 7)
1 · 2 . . . k
,
L10s2 = · sinh
[x
2
:
(N − 2) · (N − 1) . . . (N + k − 3)
1 · 2 . . . k
,
L10s3 = · sinh
[x
2
:
2 · 3 · 4 . . . (k + 1)
(N − 3) · (N − 2) . . . (N + k − 4)
,
L11s1 = sinh
[x
2
:
(N − 1) ·N . . . (N + k + n− 2)
2 · 3 . . . (k + n+ 1)
,
L11s2 = sinh
[x
2
:
(N − 1) ·N . . . (N + k + n− 2)
2 · 3 · 4 . . . (k + n+ 1)
,
L11s3 = sinh
[x
2
:
3 · 4 . . . (k + n+ 2)
(N − 2) · (N − 1) . . . (N + k + n− 3)
,
L01 = sinh
[x
2
:
1 + n
1
Lc2 = sinh
[x
2
:
(N + k + n− 1) · (N + k + n)) . . . (N + 2k + n− 2)
(2N + k + n− 5) · (2N + k + n− 4) . . . (2N + 2k + n− 6)
,
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Overall, for X(x, k, n,−2, 4, 2N − 4) one gets
X(x, k, n,−2, 4, 2N − 4) =
L31 ·L32 ·L21s1 ·L21s2 ·L21s3 ·L10s1 ·L10s2 ·L10s3 ·L11s1 ·L11s2 ·L11s3 ·L01 ·Lc2 =
sinh
[x
2
:
(2N − 6)(2N − 5)(2N − 4)2(2N − 3)2(2N − 2)3 . . . (2N + k − 7)3
13 · 23 . . . k3(k + 1)2
×
(2N + k − 6)2 . . . (2N + k + n− 6)2
(k + 2)2 . . . (k + n+ 1)2
×
(2N + k + n− 5) . . . (2N + 2k + n− 6)(2N + 2k + n− 5)2(N + 2k + n− 1)(n+ 1)(k + n+ 2)
(k + n+ 2)(2k + n+ 2)
×
(k + 1)(N + k − 3)(N + k + n− 2)
(N − 1)(N − 2)(N − 3)
(15)
This coincides with the Weyl formula answer for λ = kω1+nω2+kω3 highest
weight representation.
9.7 G2
ForG2 exceptional algebra Vogel’s parameters take values α = −2, β = 10/3, γ =
8/3. Substituting them in the L-terms, one has
L31 = sinh
[x
2
:
3k + n+ 2
2
,
L32 = sinh
[x
2
:
3k + 2n+ 3
3
,
L21s1 × L21s2 = 1,
L21s3 = sinh
[x
2
:
5/3 + 2k + n
5/3
,
L10s1 × L10s2 = 1,
L10s3 = sinh
[x
2
:
4/3 · 7/3 · 10/3 . . . (k + 1/3)
1/3 · 4/3 . . . (k − 2/3)
= sinh
[x
2
:
k + 1/3
1/3
,
L11s1 × L11s2 = 1,
L11s3 = sinh
[x
2
:
7/3 · 10/3 . . . (k + n+ 4/3)
4/3 · 7/3 . . . (k + n+ 1/3)
= sinh
[x
2
:
k + n+ 4/3
4/3
,
L01 = sinh
[x
2
:
1 + n
1
17
Lc2 = 1
X(x, k, n,−2, 10/3, 8/3) =
sinh
[x
2
:
(3k + n+ 2)(3k + 2n+ 3)(k + 1/3)(k + n+ 4/3)(2k + n+ 5/3)(n+ 1)
1 · 1/3 · 4/3 · 2 · 3 · 5/3
,
which coincides with the expression the Weyl formula (4) gives for quantum
dimension of G2 algebra.
9.8 F4
In this case we have α = −2, β = 5, γ = 6
L31 = sinh
[x
2
:
3k + n+ 7
7
,
L32 = sinh
[x
2
:
3k + 2n+ 8
8
,
L21s1 = sinh
[x
2
:
7 · 8 · 9 . . . (6 + 2k + n)
4 · 5 . . . (3 + 2k + n)
= sinh
[x
2
:
(4 + 2k + n)(5 + 2k + n)(6 + 2k + n)
4 · 5 · 6
,
L21s2 = sinh
[x
2
:
(9/2 + 2k + n)(11/2 + 2k + n)
9/2 · 11/2
,
L21s3 = sinh
[x
2
:
5 + 2k + n
5
,
L10s1 = sinh
[x
2
:
4 · 5 · 6 . . . (3 + k)
1 · 2 . . . k
= sinh
[x
2
:
(1 + k)(2 + k)(3 + k)
1 · 2 · 3
,
L10s2 = sinh
[x
2
:
7/2 · 9/2 · 10/2 . . . (5/2 + k)
3/2 · 5/2 . . . (1/2 + k)
= sinh
[x
2
:
(3/2 + k)(5/2 + k)
3/2 · 5/2
,
L10s3 = sinh
[x
2
:
3 · 4 · 5 . . . (k + 2)
2 · 3 . . . (k + 1)
= sinh
[x
2
:
k + 2
2
,
L11s1 = sinh
[x
2
:
5 · 6 · 7 . . . (4 + k + n)
2 · 3 . . . (k + n+ 1)
= sinh
[x
2
:
(k + n+ 2)(k + n+ 3)(k + n+ 4)
2 · 3 · 4
,
L11s2 = sinh
[x
2
:
9/2 · 11/2 · 13/2 . . . (7/2 + k + n)
5/2 · 7/2 . . . (3/2 + k + n)
= sinh
[x
2
:
(5/2 + k + n)(7/2 + k + n)
5/2 · 7/2
,
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L11s3 = sinh
[x
2
:
4 · 5 . . . (k + n+ 3)
3 · 4 . . . (2 + k + n)
= sinh
[x
2
:
3 + k + n
3
,
L01 = sinh
[x
2
:
1 + n
1
Lc2 = 1
The product of all these terms
X(x, k, n,−2, 5, 6) =
sinh
[x
2
:
(n+ 1)(3 + k + n)2(5/2 + k + n)(7/2 + k + n)(2 + k + n)(4 + k + n)(2 + k)2
12 · 23 · 33 · 42 · 52
×
×
(2k + 8)(4k + 8)(4k + 10)2(k + 1)(k + 3)(4 + 2k + n)(5 + 2k + n)2(6 + 2k + n)
6 · 7 · 8 · 3/2 · (5/2)2
×
×
(7 + 3k + n)(8 + 3k + 2n)(3/2 + k)(5/2 + k)(9/2 + 2k + n)(11/2 + 2k + n)
7/2 · 9/2 · 11/2
This immediately coincides with the expression Weyl formula gives for λ =
kω2 + nω1 highest weight representations of F4 algebra.
9.9 E6
For E6 the Vogel parameters are α = −2, β = 6, γ = 8.
L31 = sinh
[x
2
:
3k + n+ 10
10
,
L32 = sinh
[x
2
:
3k + 2n+ 11
11
,
L21s1 = sinh
[x
2
:
10 · 11 . . . (9 + 2k + n)
5 · 6 . . . (4 + 2k + n)
= sinh
[x
2
:
(5 + 2k + n) . . . (9 + 2k + n)
5 · 6 . . . 9
,
L21s2 = sinh
[x
2
:
9 · 10 . . . (8 + 2k + n)
6 · 7 . . . (5 + 2k + n)
= sinh
[x
2
:
(6 + 2k + n)(7 + 2k + n)(9 + 2k + n)
6 · 7 · 8
,
L21s3 = sinh
[x
2
:
7 + 2k + n
7
,
L10s1 = sinh
[x
2
:
6 · 7 . . . (5 + k)
1 · 2 . . . k
= sinh
[x
2
:
(1 + k) . . . (5 + k)
1 · 2 . . . 5
,
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L10s2 = sinh
[x
2
:
5 · 6 . . . (4 + k)
2 · 3 . . . (1 + k)
= sinh
[x
2
:
(2 + k)(3 + k)(4 + k)
2 · 3 · 4
,
L10s3 = sinh
[x
2
:
4 · 5 . . . (k + 3)
3 · 4 . . . (k + 2)
= sinh
[x
2
:
k + 3
3
,
L11s1 = sinh
[x
2
:
7 · 8 . . . (6 + k + n)
2 · 3 . . . (k + n+ 1)
= sinh
[x
2
:
(k + n+ 2) . . . (k + n+ 6)
2 · 3 . . . 6
,
L11s2 = sinh
[x
2
:
6 · 7 . . . (5 + k + n)
3 · 4 . . . (2 + k + n)
= sinh
[x
2
:
(3 + k + n)(4 + k + n)(5 + k + n)
3 · 4 · 5
,
L11s3 = sinh
[x
2
:
4 + k + n
4
,
L01 = sinh
[x
2
:
1 + n
1
Lc2 = 1
The product of all these terms gives
X(x, k, n,−2, 6, 8) =
sinh
[x
2
:
(k + 1)(k + 2)2(k + 3)2(k + 4)2(k + 5)(n+ 1)(2 + k + n)
12 · 23 · 34 · 45
×
×
(3 + k + n)2(4 + k + n)3(5 + k + n)2(6 + k + n)(5 + 2k + n)(6 + 2k + n)2(7 + 2k + n)3
54 · 63 · 73 · 82
×
×
(8 + 2k + n)2(9 + 2k + n)(10 + 3k + n)(11 + 3k + 2n)
9 · 10 · 11
which coincides with the quantum dimension (4) of the λ = kω3+nω6 irrep
.
9.10 E7
For E7 Vogel’s parameters are α = −2, β = 8, γ = 12.
L31 = sinh
[x
2
:
3k + n+ 16
16
,
L32 = sinh
[x
2
:
3k + 2n+ 17
17
,
L21s1 = sinh
[x
2
:
16 · 17 . . . (15 + 2k + n)
7 · 8 . . . (6 + 2k + n)
= sinh
[x
2
:
(7 + 2k + n) . . . (15 + 2k + n)
7 · 8 . . . 15
,
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L21s2 = sinh
[x
2
:
14 · 15 . . . (13 + 2k + n)
9 · 10 . . . (8 + 2k + n)
= sinh
[x
2
:
(9 + 2k + n) . . . (13 + 2k + n)
9 · 10 . . . 13
,
L21s3 = sinh
[x
2
:
11 + 2k + n
11
,
L10s1 = sinh
[x
2
:
10 · 11 . . . (9 + k)
1 · 2 . . . k
= sinh
[x
2
:
(1 + k) . . . (9 + k)
1 · 2 . . . 9
,
L10s2 = sinh
[x
2
:
8 · 9 . . . (7 + k)
3 · 4 . . . (2 + k)
= sinh
[x
2
:
(3 + k) . . . (7 + k)
3 · 4 . . . 7
,
L10s3 = sinh
[x
2
:
6 · 7 . . . (k + 5)
5 · 6 . . . (k + 4)
= sinh
[x
2
:
k + 5
5
,
L11s1 = sinh
[x
2
:
11 · 12 . . . (10 + k + n)
2 · 3 . . . (k + n+ 1)
= sinh
[x
2
:
(k + n+ 2) . . . (k + n+ 10)
2 · 3 . . . 10
,
L11s2 = sinh
[x
2
:
9 · 10 . . . (8 + k + n)
4 · 5 . . . (3 + k + n)
= sinh
[x
2
:
(4 + k + n) . . . (8 + k + n)
4 . . . 8
,
L11s3 = sinh
[x
2
:
6 + k + n
6
,
L01 = sinh
[x
2
:
1 + n
1
Lc2 = 1
The product of all these terms gives
X(x, k, n,−2, 8, 12) =
sinh
[x
2
:
(k + 1)(k + 2)(k + 3)2 . . . (k + 7)2(k + 8)(k + 9)(7 + 2k + n)
12 · 23 · 33 · 42 · 55
×
(8 + 2k + n)(9 + 2k + n)2(10 + 2k + n)2(11 + 2k + n)3(12 + 2k + n)2(13 + 2k + n)2(14 + 2k + n)
65 · 75 · 84
×
(15 + 2k + n)(16 + 3k + n)(17 + 3k + 2n)(1 + n)(5 + k)(2 + k + n)(3 + k + n)(4 + k + n)2
94 · 103 · 113 · 122
×
×
(5 + k + n)2(6 + k + n)3(7 + k + n)2(8 + k + n)2(9 + k + n)(10 + k + n)
132 · 14 · 15 · 16 · 17
which coincides with quantum dimension of the λ = kω2 + nω1 irrep.
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9.11 E8
For E8 the Vogel parameters are α = −2, β = 12, γ = 20.
L31 = sinh
[x
2
:
3k + n+ 28
28
,
L32 = sinh
[x
2
:
3k + 2n+ 29
29
,
L21s1 = sinh
[x
2
:
28 · 29 . . . (27 + 2k + n)
11 · 12 . . . (10 + 2k + n)
= sinh
[x
2
:
(11 + 2k + n) . . . (27 + 2k + n)
11 · 12 . . . 27
,
L21s2 = sinh
[x
2
:
24 · 25 . . . (23 + 2k + n)
15 · 16 . . . (14 + 2k + n)
= sinh
[x
2
:
(15 + 2k + n) . . . (23 + 2k + n)
15 · 16 . . . 23
,
L21s3 = sinh
[x
2
:
19 + 2k + n
19
,
L10s1 = sinh
[x
2
:
18 · 19 . . . (17 + k)
1 · 2 . . . k
= sinh
[x
2
:
(1 + k) . . . (17 + k)
1 · 2 . . . 17
,
L10s2 = sinh
[x
2
:
14 · 15 . . . (13 + k)
5 · 6 . . . (4 + k)
= sinh
[x
2
:
(5 + k) . . . (13 + k)
5 · 6 . . . 13
,
L10s3 = sinh
[x
2
:
10 · 11 . . . (k + 9)
9 · 10 . . . (k + 8)
= sinh
[x
2
:
k + 9
9
,
L11s1 = sinh
[x
2
:
19 · 20 . . . (18 + k + n)
2 · 3 . . . (k + n+ 1)
= sinh
[x
2
:
(k + n+ 2) . . . (k + n+ 18)
2 · 3 . . . 18
,
L11s2 = sinh
[x
2
:
15 · 16 . . . (14 + k + n)
6 · 7 . . . (5 + k + n)
= sinh
[x
2
:
(6 + k + n) . . . (14 + k + n)
6 · 7 . . . 14
,
L11s3 = sinh
[x
2
:
10 + k + n
10
,
L01 = sinh
[x
2
:
1 + n
1
Lc2 = 1
22
X(x, k, n,−2, 8, 12) =
sinh
[x
2
:
(n+ 1)(2 + k + n)(3 + k + n) . . . (6 + k + n)2(7 + k + n)2 . . . (10 + k + n)3
12 · 23 · 32 · 42 · 53 · 64 · 74 · 84 · 95 · 105
×
(11 + k + n)2 . . . (14 + k + n)2(15 + k + n) . . . (18 + k + n)2(1 + k)(2 + k) . . . (5 + k)2(6 + k)2 . . . (9 + k)3
115 · 125 · 135 · 144 · 154 · 164 · 174 · 183 · 193 · 202
×
(10 + k)2 . . . (13 + k)2(14 + k) . . . (17 + k)(11 + 2k + n) . . . (15 + 2k + n)2 . . . (19 + 2k + n)3
94 · 103 · 113 · 122
×
×
(20 + 2k + n)2 . . . (23 + 2k + n)2(24 + 2k + n) . . . (27 + 2k + n)(28 + 3k + n)(29 + 3k + 2n)
212 · 222 · 232 · 24 · 25 · 26 · 27 · 28 · 29
coinciding with direct calculation by (4) carried out for λ = kω6 + nω7 irrep.
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